We show that when an electron or photon propagates in a cylindrically symmetric waveguide, it experiences both a zitterbewegung effect and a spin-orbit interaction leading to identical propagation dynamics for both particles. Applying a unified perturbative approach to both particles simultaneously, we find that to first-order in perturbation theory their Hamiltonians each contain identical Darwin (zitterbewegung) and spin-orbit terms, resulting in the unification of their dynamics. The presence of the zitterbewegung effect may be interpreted physically as the delocalization of the electron on the scale of its Compton wavelength, or the delocalization of the photon on the scale of its wavelength in the waveguide. The presence of the spin-orbit interaction leads to the prediction of several rotational effects: the spatial or time evolution of either particle's spin/polarization vector is controlled by the sign of its orbital angular momentum quantum number, or conversely, its spatial wave function is controlled by its spin angular momentum.
I. INTRODUCTION
It is well-known that when an electron propagates in an inhomogeneous electrostatic potential, its dynamics are influenced by three distinct effects of relativistic origin: (1) the relativistic mass increase due to the electron's kinetic energy, (2) the delocalization of the electron on the scale of its Compton wavelength corresponding to the so-called zitterbewegung of its motion, and (3) the alteration of the propagation characteristics of the electron arising from the interaction between its spin and orbital angular momenta [1] . These phenomena were first clearly shown to derive from a common source by Foldy and Wouthuysen, who showed that the Dirac equation for an electron in an external electric field reduces in the nonrelativistic regime to the Schrödinger-Pauli equation with three correction terms present in the Hamiltonian. These terms, often denoted asĤ Rel ,Ĥ Dar , andĤ SO , correspond respectively with the three aforementioned phenomena, and the latter two may be respectively interpreted as governing interactions between the external electromagnetic field and the electron's delocalized charge distribution and magnetic moment [2] .
In this paper, we show that Maxwell's equations for a photon propagating in a inhomogeneous transparent medium with an axial confining influence may be reduced to a Schrödinger-Pauli like equation which includes both Darwin and spin-orbit termsĤ Dar andĤ SO , in complete analogy with the wave equation for an electron propagating in an axially confining potential. We find that despite the fact that the photon lacks a charge distribution and a magnetic moment, the Hamiltonians describing the electron and photon dynamics for the zitterbewegung and spin-orbit effects have exactly the same form, with the * Electronic address: cleary@wooster.edu FIG. 1: Dispersion curves simultaneously describing an electron or a photon propagating in a cylindrically symmetric waveguide with a step potential/permittivity profile. Each curve relates the particle's axial momentum (characterized by propagation constant β) to its normalized frequency R for a distinct transversely bound state of the system. The left (right) vertical axis delineates β for the photon (electron). The splitting of certain pairs of dispersion curves due to the spin-orbit interaction is exaggerated by a factor of fifty for purposes of visualization. In the legend, we have modified the standard optical fiber nomenclature LP |m |n to signify each electronic or photonic bound state (see text for details).
electron's dimensionless potential energy function −eV (r) mc 2 playing the role of the photon's normalized permittivity (r) (0) , where r denotes the distance from the axis of confinement. It follows that if the ratio between a particle's wavelength and its effective confinement radius is equal for both particles, the dispersion relations connecting the energy and momentum for each particle's axial momentum eigenstates are given by the same set of curves (see Fig. 1 ).
arXiv:1310.1995v1 [quant-ph] 8 Oct 2013
The existence of the photonic spin-orbit interaction was predicted and observed some time ago [3, 4] , while the analogous effect for electrons in a cylindrical geometry has more recently been investigated by one of us and others [5, 6] , as well as a rich connection between the spin-orbit interaction and the geometric Berry phase for both particles (eg. [7] [8] [9] ). A Darwin interaction or zitterbewegung effect has been theoretically proposed for photons propagating in free space [10] and in anisotropic media [11] , and mentioned in passing for photons in an inhomogeneous, isotropic medium as we study here [12] . For electrons, zitterbewegung has been predicted to occur for electron wave packets exhibiting a spin-orbit interaction in condensed matter systems including spintronic semiconductors, graphene, and superconducting systems [13, 14] , while the effect has also been experimentally simulated for a one-dimensional Dirac electron via manipulation of a single trapped ion [15] . Furthermore, the recent development of experimental techniques for generating electron vortex beams [16, 17] has brought closer the possibility of observing both the spin-orbit coupling and zitterbewegung effects for electron vortices. A significant body of work has studied these phenomena for both particles in the context of semiclassical equations of motion in a trajectory (ray) picture (cf. [7, 8, 11, [18] [19] [20] [21] [22] ). However, a systematic comparative study of the zitterbewegung and spin-orbit effects for both electrons and photons from the wave equation point of view is lacking in the literature, and is the subject of the present paper.
II. PRELIMINARIES
Our aim here is to compare the wave equations for a monoenergetic electron and photon for the case where each particle experiences a cylindrically symmetric axial confining influence while propagating paraxially with respect to the confinement axis. Employing cylindrical coordinates (r, φ, z), we characterize the confining influence by an inhomogeneous potential V (ρ) for electrons, and an inhomogeneous permittivity (ρ) for photons, where ρ ≡ r a is a dimensionless radial coordinate, and a is the effective radius of the potential or permittivity. The requirement of translational invariance in the z -direction implies that the monoenergetic wave function describing either particle [29] assumes the following traveling wave form, Ψ = Ψ (ρ, φ) e i(βz−ωt) (1) where Ψ (ρ, φ) is a two-component spinor for the case of an electron, and a two-dimensional vector lying in the plane transverse to the confinement axis for a photon.
As we will show, under the above conditions the wave equations for both an electron and a photon take the same general form:
where
z is the transverse Laplacian. The function k 2 (ρ)-which depends implicitly on the particle's angular frequency ω-determines the dispersion relation between ω and the particle's propagation constant β. We find that for a weakly-guided electron or photon, the termĤ Ψ in (2)-which is defined below for both cases-may be treated as a perturbation of the Helmholtz-type wave equation
whereĤ 0 ≡ ∇ 2 T + k 2 (ρ). For a given particle energyhω, the unperturbed solutions to equation (3) may be expressed in the form
where ψ n|m | (ρ) is a dimensionless, real scalar function determined by k 2 (ρ). The wave functions in (4) are expressed via the ket notation in terms of the following quantum numbers, {n, m , σ}, which are respectively associated with the following set of commuting opera- δ σ− (for photons) composed of Kronecker delta functions, such that the sign of σ determines the handedness of the particle's helicity as measured in the laboratory frame. The eigenvalues β 2 0 of equation (3) depend on n and on the absolute value |m |, but are independent of σ. In order to explicitly identify this dependence, we will sometimes denote the squared propagation constant as β In what follows we derive equation (2) for both electrons and photons, and discuss the perturbation term H Ψ in detail for both cases. We find that to first-order in perturbation theory, this term-which includes both the spin-orbit interaction and Zitterbewegung effectsassumes effectively identical forms for electrons and photons.
III. ELECTRON WAVE EQUATION
Consider a single monoenergetic electron with mass m, charge −e, and energyhω, moving in the presence of an electromagnetic field at a non-relativistic speed with respect to the laboratory frame. If the electromagnetic field contains sufficiently low (i.e. non-relativistic) field energy then the electron may be described by the Dirac equation. Furthermore, if the electromagnetic field is electrostatic in the laboratory frame, in this frame the magnetic field B and magnetic vector potential A may be set to zero, and the electric field E has zero curl. In such a case, the Dirac equation for the electron in Gaussian units, as expressed in the Foldy-Wouthuysen representation to order 
witĥ
wherep ≡ −ih∇ is the electronic momentum operator, S ≡h 2σ is the spin vector operator of 2×2 Pauli matrices, and a standard notation has been used to represent the other electronic properties. Assuming a cylindrically symmetric but inhomogeneous potential V (ρ) so that E = −∂ r V (ρ)r, we express V (ρ) in terms of a dimensionless function χ (ρ) through the relationship
is a dimensionless "normalized" potential energy, and ∆ ≡ − (W e − (0) − W e − (a)). In order to guarantee the existence of transversely bound states, we assume that χ is zero at the origin and increases monotonically to one at radius a, becoming constant thereafter. For simplicity we also fix the arbitrary "zero point" potential energy according to eV (0) = mc 2 , so that the mc 2 term may be dropped in the first line of (6) and W (0) set to zero in (7) . With these substitutions, multiplying both sides of (5) by the quantity − 2m h 2 yields an equation of the form (2), with
andĤ
with the primes on the χ functions denoting derivatives with respect to ρ. In deriving (10a), the zero-order Schrödinger relationp 2 2m =hω + eV (ρ) has been used, keeping (10a) accurate to order v c 4 , and λ C ≡h mc is the electron's reduced Compton wavelength. In (10c), the vector dot product involving the spin operatorŜ has been carried out, whileN
andˆ ± are the respective raising and lowering operators of the z -components of spin and orbital angular momentum for the electronic states |n m σ , such that
The three terms in (9) correspond respectively to the those in curly brackets in (6), and are well-known in the context of the canonical case of a spherically symmetric Coulomb potential, where together they account for all observed spectral phenomena of the hydrogen atom to order v c 4 [23] . In the present cylindrically symmetric case, their interpretation remains the same:
Rel arises from the relativistic mass increase due to the electron's kinetic energy,
Dar (the Darwin term) accounts for the additional potential energy imparted to the electron due to the so-called zitterbewegung of its motion, andĤ
gives rise to the electronic spin-orbit interaction.
IV. PHOTON WAVE EQUATION
Consider now the analogous case of a monoenergetic photon with energyhω propagating in a non-magnetic transparent medium with constant permeability µ 0 and cylindrically symmetric but spatially inhomogeneous permittivity (ρ). In this case Maxwell's equations reduce to a single equation which has precisely the same general form (2) as does the electron wave equation, but with k
for photons, as shown in [24] . Here, ∇ T ≡ ∇ − ∂ zẑ is the transverse gradient, while the transverse part of the electric field Ψ ≡ E − (E ·ẑ)ẑ has the traveling-wave form given in (1) and plays the role of a photonic wave function. We express (ρ) in terms of the dimensionless function χ introduced previously:
Here, in analogy to (7),
is a normalized permittivity for the medium (or equivalently, its normalized squared refractive index), while W γ (0) = 1 and ∆ ≡ W γ (0) − W γ (a), so that
in analogy with (8), where λ γ ≡ 1 n(0) λ0 2π is the "reduced" photon wavelength at the waveguide center, with λ 0 being the monoenergetic photon's wavelength in vacuum.
In Appendix A, we show that the termĤ Ψ = ∇ T [∇ T ln (ρ) · Ψ] given above may be expressed in the formĤ
where 1 denotes the identity operator whileN
+ , with the angular momentum raising and lowering operatorsσ ± andˆ ± defined in (11) .
We stress here that our treatment thus far is exact for photons, in the sense that each solution to equation (2) with k 2 (ρ) given by (13) andĤ Ψ given by (14) generates a complete and exact solution {E, B} to Maxwell's equations [24] . We will show that for sufficiently small ∆, the physics described by the Hamiltonians given in (9) and (14) is effectively identical.
V. PERTURBATIVE TREATMENT
If the overall variation of the electronic potential V (ρ) or photonic permittivity (ρ) is sufficiently small, the particle is weakly guided, from which it follows that the guided modes are nearly paraxial. For either particle, these conditions is fulfilled when ∆ 1, which suggests the treatment ofĤ as a perturbation to equation (3) . We are therefore led to calculate the matrix elements of the perturbationĤ in the unperturbed monoenergetic eigenstates |n m σ , denoted as n m σ |Ĥ |n m σ , where the inner product is defined in the position representation as
In (16), the dagger superscript denotes the Hermitian conjugate, and the primes on the quantum numbers in the bra vector serve to differentiate them from those in the ket vector, since they are generally distinct. We are presently interested in applying perturbation theory to calculate the first-order shifts in β where the second and third conditions need only hold for n = n. Numerical calculations show that the conditions in (17) indeed hold in the specific case where χ has a step profile, for ∆ ∼ 0.01. As a result of this, we expect (17) to hold for a wide range of monotonically increasing χ profiles, and we henceforth assume this to be the case for the profile in question. In Appendix B, we explicitly derive the matrix elements in (16) for each particle, and show that to first order in perturbation theory, only the diagonal elements contribute to the shifts in δ β 2 0 n|m | , which may be expressed as follows:
where the bracket notation Ô Equations (18) are a principal result of this work: the first-order expressions for the propagation constants are identical in form for electrons and photons propagating in a cylindrical waveguide, with the exception of a state-dependent correction associated with the relativistic mass increase of the electron due to its kinetic energy. However, for an electron with sufficiently small velocity, this term is negligible in comparison with the remaining Darwin and spin-orbit terms, in which case equations (18a) and (18b) become completely identical in form. It follows that in the regime of low velocity electrons, the first-order correction δ(β 0 ) n|m | to the unsquared propagation constant, which may be expressed to first order in terms of δ β 
where ψ and β 0 are shorthand for ψ n|m | and (β 0 ) n|m | . The first-order shifts δ(β 0 ) n|m | may therefore be represented for both particles in terms of the following effective Hamiltonian,
It is remarkable that the simple expressions (19) - (21) apply to both electrons and photons.
VI. UNIFIED PARTICLE DYNAMICS
The zitterbewegung of the electron or photon associated with the first (Darwin) term in the Hamiltonian (20) gives rise to a shift in the dispersion curve β (ω) belonging to each eigenstate |n m σ . The magnitude and direction of the shift depends on the choice of χ profile, such that the zitterbewegung generally gives rise to a larger shift if there are regions where both χ and ψ are changing rapidly, provided that ψ has an appreciable magnitude in these regions. This effect can be interpreted physically as a delocalization of the interaction between the particle and its confining influence: for electrons, the interaction between the propagating electron and the charge distribution associated with the waveguide potential is "smeared out" due to the delocalization of the electron on the scale of its Compton wavelength corresponding to its zitterbewegung motion [2, 23] . The above results suggest that a smearing of the interaction of the propagating photon and the waveguide permittivity occurs due to an analogous delocalization and zitterbewegung of the photon. As we will show, consideration of the simple case of a step-profile for χ suggests that λ γ , the photon's reduced wavelength at the waveguide center, in this context plays the role of the electron's Compton wavelength as a natural length scale delimiting photon localizability. These conclusions are supported by a previous prediction of a zitterbewegung motion for a photon in free space with an amplitude on the order of the photo's reduced classical wavelength in vacuum [10] .
Like the zitterbewegung shift, The spin-orbit interaction associated with the second term in (20) is also larger if χ contains regions of rapid variation. It leads to a splitting of each set of fourfold-degenerate states {|n |m | + , |n − |m | − , |n |m | − , |n − |m | + } into two twofold-degenerate pairs, according to the sign of the product of σm : σm > 0 always corresponds to a downward shift for the dispersion curve, and vice versa. The effect gives rise to several rotational phenomena involving the wave function of either particle, as has been previously discussed by one of us [5, 9] . As an illustration of this, consider the following distinct balanced superpositions of the monoenergetic, unperturbed eigenstates |n m σ , 
The above wave functions each represent a superposition between a state with parallel spin angular momentum (SAM) and orbital angular momentum (OAM) vectors (that is, the product σm is positive) and a state with anti -parallel SAM and OAM (σm negative). They are represented pictorially in Figs. 2(a) and 2(b) for the case where |m | = 2. According to (19) , upon traveling a distance z along the waveguide, a particle in the state |n m σ picks up a phase factor of the following form: 
For a monoenergetic photon, (24a) describes a linearly polarized OAM eigenstate whose polarization vector rotates with increasing z as shown in Fig. 2(c) , such that in a Cartesian basis it can be written as cos (|δβ SO | z)x + µ sin (|δβ SO | z)ŷ. Similarly, the expectation value of a monoenergetic electron's spin vector, which rotates in an analogous manner, is Ŝ =
. In contrast to (24a), (24b) describes a SAM eigenstate with a rotating orbital state, which has the same form for both particles (see Fig. 2(d) ). These effects may be viewed as a spatial beating between two waves of identical frequency ω but with slightly different propagation constants β 0 ± |δβ SO 
where Θ and Φ are the spherical polar angles of the Bloch vector in the relevant two-state space (either SAM or OAM), undergo a precession of the Bloch vector in the azimuthal (Φ) direction at an angle Θ due to the spinorbit shift contained in (23), with a precession rate of |δβ SO | per unit z. In a similar way, each of the spin-orbit interaction effects described above may also occur as a function of time. Consider the transformation of the eigenstates in (25a) and (25b) according to
|n ± m σ → |n ± m σ e iσ(|δβSO|z−|δω|)t ,
respectively, where |δω| ≡ ω β0 |δβ SO | such that the transformed eigenstates remain eigenstates of (3) . Under this transformation, each of the two-state superpositions in (25) undergo azimuthal SAM or OAM Bloch vector precession in time with a precession rate of |δω| per unit t due to the spin-orbit shift contained in (23) . Consequently, for balanced, in-phase initial superpositions where (Θ, Φ) = π 2 , 0 , the results (24) hold under the transformations (26) of the respective equations (22), provided that the substitution |δβ SO | z → |δω| t is made in equations (24) . Since the direction of Bloch vector precession in spin/polarization space described in (24a) is determined by the absolute sign of the OAM quantum number m , this effect can be thought of as an orbitcontrolled rotation of the particle spin in space or in time. Conversely, the Bloch vector precession in OAM space of (24b) is determined by the absolute sign of the SAM quantum number σ, and one may think of this effect as spin-controlled orbital rotation.
VII. EXAMPLE: STEP PROFILE
As a concrete application of the result (19) , consider the case of a step profile at the boundary, such that χ (ρ) = θ(ρ − 1) and χ (ρ) = δ(ρ − 1), where θ and δ are the Heaviside step and Dirac delta functions, respectively. In this case, k 2 (ρ) becomes piecewise constant, so that the unperturbed wave equation (3) reduces to Bessel's equation, with solutions of the form (4), with
where J |m | (κ 0 aρ) is a Bessel function of the first kind, while K |m | (κ 0 aρ) is a modified Bessel function of the second kind, and
(both of which depend on n and |m |) are the respective transverse wave numbers of the particle wave function inside and outside the boundary. Also in (27) , N is a normalization factor given by
(29) Application of the appropriate boundary conditions (Schrödinger/Dirac [5] or Maxwell [24] ) on the electron or photon wave function given in (27) results in the following (unperturbed) characteristic equation for either particle:
In (31), R e , a e , and ∆ e , are respectively the waveguide parameter, waveguide radius, and step strength parameter of the electron waveguide, while R γ , a γ , and ∆ γ denote the same quantities for the photon case. We will continue to denote each of these parameters by their unsubscripted forms R, a, and ∆ when describing both cases simultaneously.
For given values of R, n, and m , we solve equation (30) numerically for κ 0 , which yieldsκ 0 through equations (28), thereby explicitly determining the wave function ψ in (27) . We then use our knowledge of ψ and equation (19) to calculate δ(β 0 ) n|m | , which yields
where the prime on the Bessel function denotes a derivative with respect to its argument:
. From equations (8), (13) 
where λ dB = h 2mω is the electron's (reduced) deBroglie wavelength. In order to more directly compare the electron and photon dynamics for the step profile case, we fix the ratio of waveguide radius to particle momentum in (33) for both particles according to
by which it follows that (β e 0 ) n|m | = aγ ae (β γ 0 ) n|m | , since κ 0 a has the same value for both particles. Additionally, we fix R e = R γ in equation (31) by requiring that
In Fig. 1 we have plotted-simultaneously for both electrons and photons-the corrected propagation constant β n|m | ≡ (β 0 ) n|m | + δ(β 0 ) n|m | vs. R for eigenstates with the first few allowed values of n and |m |, subject to the constraints (34) and (35). In the legend, we have used the standard optical optical fiber nomenclature LP |m |n to describe the state of an electron or photon [25] , with the following addition: LP |m |n ± denotes a particle wave function |n m σ such that sign of the product σm is positive or negative as indicated. Parameters for the photon case were chosen for a helium neon laser propagating in a commercially available stepindex optical fiber, where n (0) = 1.46, ∆ = 0.014, and
nm. Conversely, we chose the electron to have a de Broglie wavelength equal to 10 times its Compton wavelength in order to satisfy the assumption of nonrelativistic motion. Given these choices, all other parameters may be determined using the relations (31), (34), and (35).
The zitterbewegung effect results in a downward shift in each dispersion curve in the present case, since the derivative of each eigenstate wave function at the boundary is opposite in sign to the boundary value of the wave function itself. The spin-orbit splitting of the dispersion curve pairs LP |m |n ± is exaggerated in the Figure by a factor of fifty for purposes of visualization. Note that although we have included the dispersion curve for the LP 11 mode in our plot, since our perturbative treatment as formulated above does not apply to photons in this special case where |m | = 1 (see Appendix B), we have plotted only a single uncorrected curve, (β 0 ) 11 vs. R.
In the present simple case of a step profile for χ, it is evident from equations (31) above that the reduced photon wavelength at the waveguide center λ γ plays a role analogous to that of the electron Compton wavelength in defining a natural normalized frequency or waveguide parameter, which in turn determines the number of transversely bound states or guided modes present in the system. More specifically, as the value for the waveguide radius a approaches the value λ C for electrons (or λ γ for photons), thereby attempting to localize either particle within the guide, this localization is resisted as a larger percentage of each allowed transversely bound wave function penetrates into the region defined by r > a. As a result of this, an increasing number of eigenstates are no longer guided by the confining potential or permittivity and thereby depart from the cylindrical guiding region (i.e., these modes become cut off). In this way, λ C and λ γ are connected with the respective localizability of electrons and photons and by extension to various tunneling phenomena (cf. [26, 27] ).
The connection between λ C and λ γ and the strength of the zitterbewegung effect may be seen by noting that λ dB ≈ 
VIII. CONCLUSIONS
We have shown that when an electron or photon propagates in a cylindrically symmetric waveguide, it experiences both a zitterbewegung effect and a spin-orbit interaction leading to identical effective Hamiltonians, and therefore identical propagation dynamics, for both particles. The presence of the zitterbewegung effect may be interpreted physically as a delocalization of the interaction between the particle and its confining influence, which in turn may be attributed to the the delocalization of the electron on the scale of its Compton wavelength, or the delocalization of the photon on the scale of its wavelength in the waveguide. The analogy with the electron zitterbewegung, which has an amplitude on the order of the electron's reduced Compton wavelength, suggests that the magnitude of the photon zitterbewegung is of the order of the photon's reduced wavelength in the waveguide. The presence of the spin-orbit interaction leads to the prediction of several rotational effects: the spatial or time evolution of either particle's spin/polarization vector is controlled by the sign of its orbital angular momentum quantum number, or conversely, its spatial wave function is controlled by its spin angular momentum. Under either of these interactions, a two-state superposition of monoenergetic eigenstates with parallel and antipar-allel spin and orbital angular momentum experiences a azimuthal precession of its Bloch vector in the relevant two-state space, with its direction controlled by the sign of the particle's spin or orbital angular momentum, and with a precession rate of |δβ SO | per unit z. Each of these effects may occur as a function of either space (axial distance down the waveguide) or time. We have argued elsewhere [9] that the common origin of the spin-orbit interaction for both particles is a geometric phase associated with the geometric evolution of either particle's spin vector as the particle propagates down the waveguide. A more detailed geometric understanding of both the spin-orbit interaction and zitterbewegung effects may be attainable from an analysis of the first-order corrections to the particle wave functions under the action of the effective Hamiltonian given above. Such an analysis will be the subject of a future paper.
SO are defined in (15) . In deriving (A7c) from (A7b), we have made use of the operator
z in order to simplify the matrix products in (A7b), yielding the resultsσ
From (A7c) it is clear thatĤ Ψ factors into the result
For each allowed value of n and |m |, the unperturbed squared propagation constant β 2 0 n|m | is degenerate in the subspace spanned by the states {|n |m | + , |n −|m | − , |n |m | − , |n −|m | + }, which is four dimensional except in the case where |m | = 0. According to first-order degenerate perturbation theory [28] , we therefore need to diagonalize the submatrices n m σ |Ĥ |n m σ of the perturbation matrix within each such degenerate subspace where |m | = |m | in order to find the first-order shifts δ β 2 0 n|m | due to the perturbation. The vertical and horizontal lines in the above matrices delineate these degenerate subspaces. It is clear by inspection that the appropriate subspaces are already diagonal in the |n m σ eigenbasis, with the single exception of |m | = 1 in the photon case [30] . Since our unperturbed states |n m σ are therefore a valid basis for the application of degenerate perturbation theory, we may readily calculate the first-order shifts in β 2 0 n|m | for both particles by setting n = n, m = m , and σ = σ in (B1) and (B3), so that only the diagonal terms proportional to δ m m δ σ σ contribute to δ β (B6a) and (B6b), we integrate the terms involving χ by parts for each, the result of which cancels the remaining terms, resulting in the same expression for both cases:
where Ô n|m | denotes the radial integral Ô with n = n and m = m , for any operatorÔ contained within. Substitution of (B7) into (B6a) and (B6b) immediately results in equation (18) in the main body of this paper. We note here that the perturbationĤ is not Hermitian with respect to the inner product given in (16), as is evident by inspection of equations (B1) and (B3) or their corresponding explicit matrices. However, the unperturbed Hamiltonian operatorĤ 0 is Hermitian for either choice of k (ρ) given in (8) and (13) given in (18) are valid even thoughĤ is not Hermitian [31] . However, the standard formula for the second-order eigenvalue corrections δ 
All corrections to β 2 0 n|m | are real for the perturbation Hamiltonians considered in this paper, as is to be expected.
